Inspired by recent advances in frequency diverse array (FDA) and multiple-input-multipleoutput (MIMO) radars, this paper investigates the target detection performance of FDA-MIMO radar, which jointly utilizes the advantages of FDA radar and MIMO radar, for single-and multiple-coherent pulses, respectively. Firstly, the signal models in target detection are formulated for FDA-MIMO, standard FDA, phased-array and MIMO radars, respectively. We present a unified framework detector to comparatively analyze their target detection performance in the Neyman-Pearson sense. Furthermore, the deflection coefficient and signal-to-interference-plus-noise ratio (SINR) are also adopted as a performance metric to compare their performance. Numerical results show that FDA-MIMO radar achieves better target detection performance as compared to other conventional radar systems, specially when multiple coherent pulses are utilized.
I. INTRODUCTION
Multiple-input-multiple-output (MIMO) radar has gained a great deal of attention from researchers and has been widely applied to several radar scenarios and problems [1] - [3] . While comparing with conventional phased array radar, MIMO radar can enhance the performance by transmitting orthogonal waveforms [1] . MIMO antenna configuration can be categorized into two types: 1) MIMO radar with closely spaced antennas [2] , also called collocated MIMO radar, 2) MIMO radar with widely separated antennas [3] , also named as the distributed MIMO radar. The collocated MIMO radar has flexibility for beamforming [4] , while the distributed MIMO radar due to the system configuration [5] achieves the spatial diversity.
Phased array radar, collocated MIMO radar, and distributed MIMO radar have been considered in most circumstances. Further, these radars have different advantages and disadvantages. For the phased array radar, it can obtain the transmit coherent processing gain, and at the same time it needs to search the whole space in search mode. In addition, its detection and estimation performances are significantly impaired by target radar cross-section (RCS) variation [6] .
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The collocated MIMO radar can form a wide transmit beam at the expense of losing the transmit coherent processing gain, and its performance also decreases as a result of target RCS fluctuation [2] . The distributed MIMO radar observes a target from different angle simultaneously, and can exploit the spatial diversity which alleviates the fluctuation of target RCS. However, distributed MIMO radar can't give the target direction of arrival on account of the transmitters and receivers formed by single antenna element [3] . Actually, many researchers have employed conventional MIMO configuration for target detection, such as under single pulse [5] , under multiple pulses [7] , [8] , and in other conditions [9] - [12] .
The MIMO radar cannot distinguish range-dependent targets. From radar ambiguity function sense, we cannot simultaneously estimate the range and velocity of a target. Several techniques have been put forward to solve these problems. One of the potential solutions is to employ multiple distributed receivers. However, it requires time/frequency synchronization due to separated receivers, and this leads to another technical challenge.
Different from the phased-array radar and MIMO radar [13] , [14] , frequency diverse array (FDA) radar produces range and angle dependent transmit beam-pattern due to small frequency increment across its array elements [15] - [17] . It should be noted that FDA is also different from conventional frequency hopping scheme [18] and orthogonal frequency division multiplexing modulation (OFDM) [19] . In recent years, FDA radar has attracted a lot of attention [20] - [23] due to its promising application potentials [24] . In [15] , it was pointed out that FDA provides increased degrees-of-freedom and subsequently additional system capability. In [25] , a linear FDA was investigated for forward-looking radar ground moving target indication. And the authors did conclude that FDA radar provides considerable benefits for detecting relatively low velocity targets and improving ground target detection performance. FDA provides a potential solution to detect and/or suppress range dependent targets and/or interference [24] . However, the standard FDA radar range and angle dimension is coupled. Moreover, in order to resolve this coupling effect, we adopt FDA radar and MIMO radar together to exploit the benefits of those schemes for target detection. The FDA concept was first proposed in [15] as a method to achieve range-dependent beam forming. The range-dependent antenna pattern can be used in radar to suppress range ambiguous clutter [25] and improve detection performance [26] . It's noted that current literature concentrates on FDA conceptual system design and little or no work about the application of FDA radar in target detection probability can be found, although recently FDA has drawn much attention in antenna and radar areas [27] , [28] and the references therein.
Target detection is one of the major functions of a radar [29] , [30] . Therefore, in this paper, we focus on establishing the general signal model of FDA-MIMO radar [35] - [39] for target detection in the case of both single and multiple pulses and compare with other types of radar system, such as phasedarray radar, standard FDA radar and MIMO radar. In this paper, the Doppler effect of target and clutter is ignored in the derived signal models of the radar systems. The main contributions of this paper can be summarized as follows:
•
According to the characteristics of FDA-MIMO radar configuration, a general signal model for target detection based on single and multiple coherent pulses is presented.
• Using the Neyman-Pearson sense, the proposed FDA-MIMO radar detector is derived analytically and compared with conventional phased array radar, the standard FDA radar and MIMO radar. We also prove that FDA-MIMO radar detector achieves better performance than that of the conventional radar systems.
• We adopt deflection coefficient as a performance metric, which provides a good measure of the detection performance for both the proposed FDA-MIMO radar and conventional radar systems. The rest of this paper is organized as follows: Section II introduces the motivation of this work and formulates the signal models of conventional phased-array radar and MIMO radar. Section III presents the FDA-MIMO radar scheme together with its signal model for target detection. Sections IV and V compare the target detection performance of FDA-MIMO radar with the conventional radars including phased-array radar and MIMO radar under single-pulse detection scenario and multiple-pulse detection scenario, respectively. Next, deflection coefficient and signalto-interference-plus-noise ratio (SINR) performance are analyzed in Section VI. Finally, numerical comparison results are provided in Section VII and concluding summaries are drawn in Sections VIII.
II. BASICS AND MOTIVATION
A. PHASED-ARRAY RADAR SIGNAL MODEL Phased-array radars are the common radar systems that utilize an array of closely spaced sensors. Supposing that there are M transmitters and N receivers in phased-array radar system. The base-band received signal model of the conventional phased-array radar systems can be expressed as [5] r PA 
where s PA (t) = αb (θ ) w H T a (θ) φ (t − τ ) and n (t) is a zero-mean complex normal random process with variance N σ 2 n . α is the reflected echo coefficient,
T denotes the transmit steering vector and b (θ ) = 1, exp (−jψ) , . . . , exp (−j (N − 1) ψ) T is the receive steering vector with ψ = 2π d λ sin θ , where d is the array spacing, λ is the radar wavelength, θ is the receiver steering angle and [·] T is the transpose operator. φ (t) is the baseband transmitted signal and τ is time delay between the transmit antenna and the receive antenna. w T ∈ C M ×1 denotes the transmission array weight vector and [·] H is the conjugate transpose operator.
The signal-to-noise ratio (SNR) is defined as the ratio between the total transmitted energy and the noise level per receive element [5] , which is related to a(θ ) T a (θ ) = M and b(θ ) T b (θ ) = N where [·] T is the transpose operator. In phased-array radar systems, the processing gain is MN and the radar sees only one aspect of the target. Note that phasedarray radar systems are sensitive to the fading coefficient. For instance, if α is small, target detection cannot be achieved and/or error estimation will be large. One possible solution to overcome this problem is to adopt MIMO radar systems by exploiting its spatial diversity techniques.
B. MIMO RADAR SIGNAL MODEL
Supposing that there are M transmitters and N receivers in MIMO radar system. The received data model of MIMO radar can be written as [5] r MIMO 
where r (t) = [r 1 (t) · · · r N (t)] T denotes the different signals received by the receiving antenna, φ (t) = [φ 1 (t) · · · φ M (t)] T being the transmitted signal represented as an array with φ j (t) φ k (t)dt = δ jk , H α is the channel matrix representing the target, α = α 11 · · · α 1M · · · α NM T denotes the target emission coefficient vector comprises all elements of the target composition of the channel matrix. Assumed the spacing between the array elements is large enough, all the elements of the channel matrix are uncorrelated α ∼ CN (0, I MN ), and I MN being the identity matrix. With MIMO radar systems, each transmitter-receiver pair sees a different aspect of the target. By judicious selection of the transmitted waveforms from various transmitters, we can provide equivalent of MN radar systems. In MIMO radar systems, there is no coherent processing gain, however, we synthesize MN independent radars. Hence, MIMO radars resolves deep fades problem.
C. FDA-MIMO RADAR SIGNAL MODEL
For the standard FDA radar system which employs an array of closely uniformly distributed, the received signal model is given by
T denotes a transmit steering vector and w T = a (θ, r) √ N is the maximum gain emission beam weight vector array. i = 2π d sin θ λ − 2r f c , where 2r is adopted instead of r in the bracket because of the signal propagation from the target to the receiver, r is the range, f denotes the frequency increment and c being the light speed.
Suppose the FDA-MIMO radar is composed of M collocated transmit antennas and N collocated receive antennas. The received signal in baseband can be written as
Similarly as the definition of (3), r is the range, f denotes the frequency increment and c being the light speed.
√ N is the maximum gain emission beam weight vector array. φ fm (t) is the M × 1 vector collecting all transmitted waveforms, b (θ) indicates receive steering vector and α is the reflected echo coefficient. Noted that the subscripts ''fm'' denotes the FDA-MIMO.
III. TARGET DETECTION PERFORMANCE ANALYSIS UNDER SINGLE-PULSE SCENARIO
In this section, we focus on the relationship between system variables and parameters detection performance. We assume that the target distance and angle parameters are known and the covariance of noise are also known. According to the Neyman-Pearson criterion, optimal detector is the Likelihood Ratio Test (LRT) given by [32] 
where f (r(t); H 1 ) and f (r(t); H 0 ) are the probability density functions (PDF) of the observation vector r(t) with and without signal, respectively, and the threshold δ is determined by the desired probability of false alarm. H 1 denotes target exists and H 0 denotes target does not exist.
A. PHASED-ARRAY RADAR UNDER SINGLE-PULSE SCENARIO
In phased-array radar system, the optimal detector turns out to be the beam-form steering to direction θ which follows optimal linear filter, namely Echardt filter [31] . This optimal detector is independent of the transmit steering vector, but its performance is dependent on the transmit steering vector. Therefore, it can be shown easily that by using the Cauchy-Schwartz inequality the transmit steering vector w T = a (θ ) the optimal performance can be achieved. For the receive array weight vector of b H (θ ), we can reformulate the following signal model [5] :
where α is the reflected echo coefficient that is assumed the zero mean random variable with covariance 1. n (t) = b H (θ ) n (t) and n (t) is the zero mean complex random variable with covariance b (θ ) 2 σ 2 n = N σ 2 n . The output of the detection statistic can be expressed as [5] :
where x is the output of the spatial-temporal matched filter. Phased array radar target detection problem can be formulated as follows [5] :
where α ∼ CN (0, 1) and n ∼ CN 0, N σ 2 n . According to (7) and (8), the distribution test statistics of the phased-array radar detection statistic can be written as
where χ 2 (2) denotes a chi-square random variable with two degrees of freedom.
The detection threshold can be obtained as [5] 
And the probability of detection is [5] 
The standard FDA radar target detection problem can be similarly expressed as follows:
According to (12) , the standard FDA radar test statistic distribution can be expressed as
Similarly, we can obtain the detection threshold as
And the probability of detection is
(1 − P FA )
C. MIMO RADAR UNDER SINGLE-PULSE SCENARIO
To formulate the MIMO radar detection problem, we denote x as NM × 1 vector and the element of which is defined as
where r i (t) and s j (t) are the transmitting signal of i-transmitter and receiving signal of j-receiver respectively, τ denotes time delay between them. Then the optimum detector is expressed as [5] 
MIMO detector having a non-coherent radar characteristics, the optimal dimensional detector outputs signal is given by
Here, the reflection coefficient is α ∼ CN (0, I MN ) and n ∼ CN 0, σ 2 n I MN denotes the noise. From (16) and (17), MIMO radar detection statistic is expressed as
where χ 2 (2MN ) denotes a chi-square random variable with 2MN degrees of freedom.
In alike manner, we can obtain the detection threshold as
Considering the signal model (4), the detection problem can be mathematically formulated as
The f (r(t); H 0 ) and f (r(t); H 1 ) are given, respectively, by
thus, see (24) , as shown at the top of the next page, where n denotes the noise. We can reformulate (23) as
In Neyman-Pearson criterion, the likelihood ratio of the optimal detector output can be represented by see (26) , as shown at the top of the next page: FDA-MIMO radar target detection may be expressed as the following assumptions detection problem:
According to (27) , FDA-MIMO radar test statistic distribution can be expressed as
where χ 2 (2) is the chi-square distribution with a degree-offreedom of 2. Suppose the constant false alarm rate (CFAR) is P FA , the detection threshold should be
where F −1
denotes the inverse cumulative distribution function (CDF) of χ 2 (2) . Accordingly, the probability of detection is
IV. TARGET DETECTION PERFORMANCE ANALYSIS UNDER MULTIPLE-PULSE SCENARIO A. PHASED-ARRAY RADAR UNDER MULTIPLE-PULSE SCENARIO
Under multi-pulse conditions, the hypothesis testing of phased-array radar can be written as [8] x (PA) l = H 0 : n l H 1 : α l MN + n l (31) where α l ∼ CN (0, 1), n l ∼ CN 0, N σ 2 n , and l = 1, · · · , L. A detection statistic after accumulating pulse is expressed as
where, δ PA is determined according to the probability of false alarm. Note that each pulse is independent and identically distributed random variables. According to (31) and (32), the test statistic distribution of multi-pulse phased-array radar is given by
Similarly, we can obtain the detection threshold for multipulse target detection for phased-array radar as
B. STANDARD FDA RADAR UNDER MULTIPLE-PULSE SCENARIO
The distribution of multi-pulse FDA radar detection statistic can be expressed as
As before, we can obtain the detection threshold for multipulse target detection as
C. MIMO RADAR UNDER MULTIPLE-PULSE SCENARIO
Under the multi-pulse scenario, the pulse matched filter bank output is given by
The MIMO detection statistic is expressed as [8] 
where, δ MIMO is determined according to the probability of false alarm.
where, the reflection coefficient is α l ∼ CN (0, I MN ) and n l ∼ CN 0, σ 2 n I MN . Since the noise is uncorrelated noise and are independent and identically distributed random variables n l (l = 1, · · · , L). According to (39) and (40), the multi-pulse FDA-MIMO radar detection statistic distribution is expressed as
The FDA-MIMO radar test statistic distribution can be expressed as
where F −1 χ 2 (2) denotes the inverse cumulative distribution function (CDF) of χ 2 (2) . Accordingly, the probability of detection is
Note that both radar systems have similar but unequal data models by comparing the analytic derivation of FDA-MIMO radar and that of MIMO radar .
V. DEFLECTION COEFFICIENT AND SINR PERFORMANCE ANALYSIS A. DEFLECTION COEFFICIENT
In this section, we adopt the deflection coefficient also called detector's signal-to-noise ratio (SNR) [5] , to evaluate the performance of the proposed FDA-MIMO radar and the conventional radar systems. The deflection coefficient of FDA-MIMO radar system can be expressed as [5] 
Combining these results, the deflection coefficient of FDA-MIMO radar system is given by
Note that by defining the SNR, denoted by = E σ 2 n (i.e., the ratio of the total transmitted energy and the noise level per receive element), (47) can be simplified further. Now consider a FDA radar system. According to (36) ,
Combining these results, the deflection coefficient of FDA radar system is given by
Consider now a phased-array radar system. According to (33) ,
Combining these results, the deflection coefficient of phasedarray radar system is given by
) denotes the directional gain towards the interference locations (θ i , r i ) and u 0 (θ 0 , r 0 ) = β 0 b (θ 0 , r 0 ) where β 0 = w H T a (θ 0 , r 0 ) denotes the directional gain towards target location. The output of receiver array can be denoted by after the matched filtering is given as [33] 
where n is the additive white Guassian noise with zero mean and σ 2 n variance. The minimum variance distortion less response (MVDR) beamformer computes the receiver weight vector w r to suppress the interference, while giving distortion less response in the target direction and range can be expressed as [33] .
The interference plus noise covariance matrix is computed as
where I is the identity matrix. We assume that the target and/or interference complex amplitudes are mutually uncorrelated with zero mean and variance σ 2 i . The signal to interference noise ratio (SINR) is given by [34] 
which is variance of the desired target. It is important to note that the decoupled property of FDA-MIMO assures a strong SINR at the receiver. In addition, the decoupled property suppress interference quite effectively than the standard FDA.
VI. NUMERICAL RESULTS
In this section, we consider several numerical examples to demonstrate our analytic results. We denote L as the number of pulses. We simulate four types of radar systems, namely FDA-MIMO, standard FDA, phased-array and MIMO radars of physical radar detection probability with signal to noise ratio variation as shown in Fig. 1 . We assume M = 4, N = 2; and M = 6, N = 2. Also the probability of false alarm is fixed at P FA = 1 × 10 −5 . From Fig. 1 , when M = 4, N = 2, it can be observed that the FDA-MIMO radar has superior detection performance at low signal to noise ratio than that of FDA radar, phased-array radar and MIMO radar, respectively. On the other hand, with the increase of the number of array element transmit and receive arrays, detection performance of the four types of radar systems have increased. At low SNR, It is evident from the figure that, FDA-MIMO radar system have better detection performance than the FDA radar, phased-array radar and MIMO radar. This figure establishes the advantages of hybridizing FDA and MIMO radar systems. Fig. 2a and 2b depicts the probability of detection versus probability of false alarm for different types of radar systems considered. In Fig. 2a , we fixed SNR = −5dB (i.e., at low SNR) and M = 4, N = 2. It can be seen that the FDA-MIMO radar outperforms the FDA radar, phased-array radar and MIMO radar, respectively. We can also see from the results that FDA radar and phased-array radar are, in a sense, a compromise between the FDA-MIMO radar and MIMO radar. Hence, at low SNR, the FDA radar system outperforms phased-array radar systems. It is interesting to note that, at low SNR, the proposed FDA-MIMO radar executes better than the conventional MIMO in this condition.
In Fig. 2b , we consider high SNR, that is 10dB. It is evident from the figure that, FDA-MIMO radar outperforms MIMO radar, FDA radar and phased-array radar, respectively. We can also notice from the results that MIMO radar and FDA radar are, in a sense, a compromise between the FDA-MIMO radar and phased-array radar. Hence, at high SNR, the MIMO radar radar system outperforms FDA radar systems.
In this example, we demonstrate the performance of employing multi-pulse in target detection against the single pulse target detection. Figure 3 , we fixed M = 4, N = 2 and also P FA = 1 × 10 −5 . We find that all the four types of the radar systems performance have been improved significantly when utilizing multiple pulse for target detection as compared to the single pulse target detection. It can be also confirmed from the figure that the FDA-MIMO radar outperforms FDA radar, phased-array radar and MIMO radar, respectively. It is important to note that this figure establishes the advantages of hybridizing FDA and MIMO radar systems.
We also illustrate the probability of detection as a function of the probability of false alarm for the four types of radar systems at low and high SNR, respectively. In Fig. 4a , we fixed SNR = −5dB (i.e., at low SNR), M = 4, N = 2 and L = 3. It can be seen that the FDA-MIMO radar outperforms the FDA radar, phased-array radar and MIMO radar, respectively. We find from the results that FDA radar and phased-array radar are, in a sense, a compromise between the FDA-MIMO radar and MIMO radar. In Fig. 4b , we consider high SNR, that is 10dB. It can be seen that FDA-MIMO radar and MIMO radar have the same performance and they both outperforms FDA radar and phased-array radar. We can also notice from the results that FDA radar is, in a sense, a compromise between the FDA-MIMO radar, MIMO radar and phasedarray radar. Hence, at high SNR, the FDA radar radar system outperforms phased-array radar.
First in the false-alarm probability of 10e-10, the FDA-MIMO detection probability determined by equation (30) and equation (46), through checking table or the simulation calculation is not hard to get the subtracted term in the formula approaches 0, so the detection probability is almost 1. In Figure 2 and Figure 4 , namely, in the case of single pulse and multiple pulses, the trend between curves is fixed, which are FDA-MIMO>FDA>PA>MIMO. Analyzing the single pulse condition, by comparing equation (11) , (15) , (20) and (30) probability trend is P_d(FDA-MIMO) > P_d(FDA) P_d(PA) > P_d(MIMO), P_d stands for detection probability. Fig. 5 shows the optimal deflection coefficient also called detector's SNR for the four types of the radar systems. We assume M = N = 4 and that the noise level is constant across the array elements. From the figure, it is evident that, for low and high SNRs the FDA-MIMO radar system is optimal. This can be attributed to the advantages of using FDA and MIMO radar systems. From the figure, it can be noticed that at high SNR, the MIMO radar is also optimal. The crosspoint of MIMO radar, FDA radar and phased-array radar is essential, because it divides the SNR regions into low SNR region and high SNR region. Then we can know, within a specific SNR range, which one of these three radar systems has better target detection performance. Fig. 6 illustrates the output SINR versus SNR for FDA-MIMO radar, standard FDA radar, MIMO radar and phased-array radar. We see that the FDA-MIMO radar significantly outperforms the standard FDA radar, phased-array radar and MIMO radar, respectively, because the proposed FDA-MIMO radar has decoupling property, transmit coherent processing and range resolution capability. Also, from the figure, we observe that the standard FDA has much better output SINR performance than the phased-array radar and MIMO radar, respectively, due to coherent processing and range capability.
VII. CONCLUSION
In this paper, we study the FDA-MIMO radar for target detection in the case of single and multiple pulses by jointly exploiting FDA (i.e., 2 D range-angle) and MIMO advantages. The general signal models for FDA-MIMO and other types of radar systems such as phased-array radar, FDA radar and MIMO radar is derived. We further discuss the optimal detector's SNR of these radar systems.
In the actual radar system, it is difficult to calculate the output signal-to-noise ratio, which needs to be sampled and estimated, which will bring errors. The use of deflection coefficient concept, the observed value and variance are calculated directly, there is no estimate process, relatively more accurate. FDA-MIMO radar combines the common advantages of FDA radar and MIMO radar, which have both the beam direction pattern pointed by range and spatial diversity. Under the same false alarm condition, FDA-MIMO radar compared to other radars (FDA and PA), the degrees of freedom change from 2 to 2MN, as a result, the F function(subtracted item) in the FDA-MIMO radar is smaller than that in other radar systems, so the detection probability is the highest. Compared with MIMO, it is more obvious that they have the same degree of freedom. However, MIMO radar has no coherent gain, so the detection performance of MIMO radar is poor.
The simulation results show that the performance of detection probability for FDA-MIMO for both single pulse and multi-pulse is much better than that of phased-array radar, FDA radar and MIMO radar systems. Based on the analytic results that we derived, we find that at low and high SNR, interestingly, the FDA-MIMO radar outperforms other radar systems in the case of single and multiple pulses.
It also observed from the results that the four radar systems show better performance when multi-pulse is employed than those of the single-pulse, where FDA-MIMO radar is more superior. The performance improvement provided by FDA-MIMO radar is not limited to target detection. In our future works, we will provide a detailed analysis which illustrates the superiority of FDA-MIMO radar in several aspects over the phased-array radar, the standard FDA radar and MIMO radar.
